SHENTON COLLEGE

Examination Semester One 2019
Question/Answer Booklet

MATHEMATICS SPECIALIST UNIT 3

Section One
(Calculator-free)

Your name

Time allowed for this section
Reading time before commencing work: 5 minutes
Working time for paper: 50 minutes

Material required/recommended for this section
To be provided by the supervisor

Question/answer booklet for Section One.

Formula sheet.

To be provided by the candidate
Standard items: pens, pencils, pencil sharpener, eraser, correction fluid/tape, ruler, highlighters
Special items: nil

Important note to candidates

No other items may be taken into the examination room. It is your responsibility to ensure that
you do not have any unauthorised notes or other items of a non-personal nature in the
examination room. If you have any unauthorised material with you, hand it to the supervisor
before reading any further.

Structure of this examination

Number of Number of . .
Section guestions questions to W(Orrzli(:::ﬁ;g]e a\r:l?l;k;e SSt"ég?gt
available be answered
Section One:
Calculator-free 2 8 50 52
Section Two:
Calculator-assumed 13 13 100 98
Total 150




SPECIALIST UNIT 3 2 CALCULATOR-FREE

Instructions to candidates

The rules for the conduct of Western Australian external examinations are detailed in the Year
12 Information Handbook 2019. Sitting this examination implies that you agree to abide by
these rules

Write your answers in the spaces provided in this Question/Answer Booklet. Spare pages are

included at the end of this booklet. They can be used for planning your responses and/or as

additional space if required to continue an answer.

* Planning: if you need to use the space to continue an answer, indicate this clearly at the
top of the page.

* Continuing an answer: If you need to use the space to continue an answer, indicate in the
original answer space where the answer is continued, i.e. give the page number.
Fill in the number of the question(s) that you are continuing to answer at the top of the
page.

Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect answers
given without supporting reasoning cannot be allocated any marks. For any question or part
question worth more than 2 marks, valid working or justification is required to receive full
marks. If you repeat an answer to any question, ensure that you cancel the answer you do not
wish to have marked.

It is recommended that you do not use pencil, except in diagrams.

STRUCTURE OF THIS PAPER

QUESTION MARKS AVAILABLE MARKS AWARDED

1 6
2 4
3 6
4 6
5 7
6 7
7 8
8 8

TOTAL 52

See next page SN093-134-1



CALCULATOR-FREE 3 SPECIALIST UNIT 3

Section One: Calculator-free 35% (52 Marks)

This section has eight (8) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 50 minutes.

Question 1 (6 marks)

(a) Determine the modulus and argument of :TB—L (3 marks)

(b) Determine z2 in the form a + bi, where a,b € R, when z = 4 cos (%) + 4isin (E)
(3 marks)

SN093-134-1 See next page



SPECIALIST UNIT 3 4 CALCULATOR-FREE

Question 2 {4 marks)

The equations of three planes are shown below.

x—y+3z=11
x+2y—2z=10
x—y+z=9

(a) Determine the coordinates of the point of intersection of the planes. (3 marks)

Na4E

(b) Determine the distance of the point of intersection of the planes from the origin. (1 mark)

See next page SN093-134-1



CALCULATOR-FREE 5 SPECIALIST UNIT 3

Question 3 (6 marks)

(a) State whether the planes with equations 2x —y +z=2andx + 3y + 2z =1 are

perpendicular. Justify your answer. (2 marks)
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(b) Determine the Cartesian equation of the plane that passes through the three points with
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SPECIALIST UNIT 3 6 CALCULATOR-FREE

Question 4 (6 marks)
4
Functions f and g are defined over their natural domains by f(x) = v8 — x and g(x) = 3 + T
X
(a) State the domain of
(i) g(x). (1 mark)
(ii) g (x). (2 marks)
(b) Determine f o g(x) and the natural domain of this composite function. (3 marks)

See next page SNO93-134-1



CALCULATOR-FREE 7 SPECIALIST UNIT 3

Question 5 (7 marks)

Four functions are defined as
f(x)=x%+4x -5, g(x) =3x%+2x -1, h(x) = x + 5, k(x)=x—-1

Determine the'etjuation's bf all asymptotes of the following graphs.

(@ y= E(i) : (2 marks)
f(x)

(b) y= A , s, > (2 marks)
g(x) : .

(c) y= % - (3 marks)

SNO93-134-1 See next page



SPECIALIST UNIT 3 8 CALCULATOR-FREE

Question 6 ¥ % o (7 marks)
(a) On the axes below, sketch the graph of y = ﬁ . ) £ 6, XL (3 marks)
g
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CALCULATOR-FREE 9 SPECIALIST UNIT 3

Question 7 (8 marks)

(a) Sketch the locus of points z in the complex plane determined by arg(z + 3i) = 34’—[

(3 marks)
Im(z)

' ;‘ > Re(z)

(b)  Another locus of points z in the complex plane is determined by zz+ z + Z = 8.

(i) Show that this locus can also be defined in the form |z — w| = k, clearly showing

the value of constant w and the value of constant k. (3 marks)
(i) Sketch the locus on the axes below. (2 marks)
Im(z)
a Re(z)

SN093-134-1 See next page



SPECIALIST UNIT 3 10 CALCULATOR-FREE

Question 8 (8 marks)

Let z = x + yi and z2 = a + bi where a,b,x,y € R.

(a)  Show thatVaZ + bZ + a = 2x2. (4 marks)

oy

(b) By solving the equation z* — 16z? + 100 = 0 for z? or otherwise, determine the roots of
the equation in Cartesian form. (4 marks)

End of questions SN093-134-1



SHENTON COLLEGE

HENT Examination Semester One 2019
C 0O LLEG:E Question/Answer Booklet

MATHEMATICS SPECIALIST UNIT 3

Section Two
(Calculator-assumed)

. 31 YA€
Your name T | LU

Time allowed for this section
Reading time before commencing work: 10 minutes
Working time for paper: 100 minutes

Material required/recommended for this section
To be provided by the supervisor

Question/answer booklet for Section Two.

Formula Sheet (retained from Section One)

To be provided by the candidate
Standard items:  pens (blue/black preferred), pencils (including coloured), sharpener, correction
fluid/tape, eraser, ruler, highlighters

Special items: drawing instruments, templates, notes on two unfolded sheets of A4 paper,
and up to three calculators approved for use in the WACE examinations

Important note to candidates

No other items may be taken into the examination room. It is your responsibility to ensure that
you do not have any unauthorised notes or other items of a non-personal nature in the
examination room. If you have any unauthorised material with you, hand it to the supervisor
before reading any further.

Structure of this examination

Number of Number of . .
. . ) Working time Marks Student
Section questions questions to (minutes) avdilabila Seseires
available be answered
Section One:
Calculator-free 8 & ag a
Section Two: 13 13 100 98
Calculator-assumed
Total 150




SPECIALIST UNIT 3 2 CALCULATOR-ASSUMED

Instructions to candidates

The rules for the conduct of Western Australian external examinations are detailed in the Year
12 Information Handbook 2019. Sitting this examination implies that you agree to abide by
these rules

Write your answers in the spaces provided in this Question/Answer Booklet. Spare pages are

included at the end of this booklet. They can be used for planning your responses and/or as

additional space if required to continue an answer.

* Planning: if you need to use the space to continue an answer, indicate this clearly at the
top of the page.

¢ Continuing an answer: If you need to use the space to continue an answer, indicate in the
original answer space where the answer is continued, i.e. give the page number.
Fill in the number of the question(s) that you are continuing to answer at the top of the
page.

Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect answers
given without supporting reasoning cannot be allocated any marks. For any question or part
question worth more than 2 marks, valid working or justification is required to receive full
marks. If you repeat an answer to any question, ensure that you cancel the answer you do not
wish to have marked.

It is recommended that you do not use pencil, except in diagrams.

STRUCTURE OF THIS PAPER

QUESTION MARKS AVAILABLE MARKS AWARDED
9 4
10 10
11 6
12 6
13 9
14 7
15 8
16 7
17 8
18 8
19 8
20 8
21 6
TOTAL 98

See next page SND23-134-2



CALCULATOR-ASSUMED 3 SPECIALIST UNIT 3

Section Two: Calculator-assumed (98 Marks)

This section has thirteen (13) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 100 minutes.

Question 9 (7 marks)

(a) Determine the values of the real constant a and the real constant b given that z — 4 + 2i is
a factor of z3 + az + b.

(4 marks)
(b) Clearly show that 2 + i is a root of the equation z3 — 7z% + 17z — 15 = 0. (2 marks)
(c)  State all three solutions of z* — 7z% + 17z — 15 = 0. (1 mark)

SN093-134-2 See next page



SPECIALIST UNIT 3 4 CALCULATOR-ASSUMED

Question 10 (10 marks)
(a) Consider the system of simultaneous equations... (6 marks)
2x —4y+2z=28
—x+5y+z=-9
x+y+@*+2)z=p

() Express the system as an augmented matrix and use row reduction techniques so that
the coefficients of x and y in the third equation above are both zero

Hence determine value/s for p so that the system has:

(i) No solutions

(iii) An infinite number of solutions

(iv) A unique solution

See next page SN093-134-2



CALCULATOR-ASSUMED 5 SPECIALIST UNIT 3

(b) Determine whether the following system of equations has a unique solution, an infinite
number of solutions, or no solutions. Provide a brief geometric interpretation of your
findings. (3 marks)

x+2y+z=3
2x+4y+2z=7
2x+y+2z=4

(c) Describe the geometric interpretation of a system that has an infinite number of solutions.
(1 marks)

SN093-134-2 See next page



SPECIALIST UNIT 3 6 CALCULATOR-ASSUMED

Question 11 (6 marks)
(a) Explain why the function f(x) = cos x, where x € R, is not one-to-one. (1 mark)

(b) The graph of y = g(x) is shown below. Sketch the graph of y = g~1(x) on the same axes.
(2 marks)
y j-:')C.

D

(@)

w
=

[#%)
3
-

— ]

Q
==

A J

(c) The inverse function of h is defined as h=(x) = x? — 8x + 17 for x < 4. Determine the
defining rule for h(x) and state its domain. (3 marks)

A

See next page SN093-134.2



CALCULATOR-ASSUMED 7 SPECIALIST UNIT 3

Question 12 (6 marks)

The line L passes through the points a and b, given by the position vectors 2i — j 4+ 2k and
3i + j — k respectively. A third point p is located at i + j + k. Determine the position of the point

on L that is closest to p and calculate this minimum distance. (6 marks)
il |
ab = <Z~
-3 /e;\ua%\'or\ for L
(2) (2
-\
= 4 >\ (Z X

L z ) -2 \/ ?Dlﬁ'&‘ oV 'L._

relahve o P

Ler ¢ be +he pont on L closest o P,
then pr-ab =0

= ('1212*) V' solve for X
| =B

V dok product = 0

L { ¥ Posui\'oﬂ on L
(—‘2+ 2%\ ’ <23) = O
S v distonce
| + X -4 44X -3+ QX =0
42X -6 =0
2
N = "7
\ ()
v = —:,(—6\> closest pownt
27az .
(ﬁ—‘l = -?-Z. C,\DS@S'\' olaSbﬂL&.
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SPECIALIST UNIT 3 8
Question 13
V3

1 .
Letw——z——z— .

(@)  Expressw,w? w?® and w*intheformrcis0,-r <8 <.
()
w= s =,

bol = QS C%)

= gwle)

- - 277
as (3

\

1]

CALCULATOR-ASSUMED

(9 marks)

(2 marks)

/w

v cw?\eflrb set.

(b) Sketch w,w?,w? and w* on the Argand diagram below. (2 marks)
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CALCULATOR-ASSUMED 9 SPECIALIST UNIT 3

(c) Describe the transformation in the complex plane of any point z when it is multiplied by w.

(2 marks)
2
‘D c':‘tb 3 L an ff cl\le ct ) =3
Eotaohon out Hhe erigus (Cledcus se) \O‘j 3 Y votahon .
v indude
divechon &
W\%\\h}de s
(d)  Simplify
(i) wl +wl +w?, Sl
O
(i)  wl4wl4w? g w2018 42019 eimmeks)

ona=—-3 = 13
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20171 20\% 2014, Zeéqo

&
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SPECIALIST UNIT 3 10 CALCULATOR-ASSUMED

Question 14

(7 marks)
(@)  Solve the equation z° + 32 = 0, writing your solutions in polar form r cis 8. (4 marks)
. .
£ C 22 \/?bﬁar’ foean
S ' <
=t 2 osW for 2
T . i
A5 Pam's fetons! synmetry =
5 2 3w /QSQOPMMF&é
= s, T
E = foc one solshon
23° Zas W / S solohons

V tocrect domain

(b) Use your answers from (a) to show that cos (g) + cos (3?") = ; (3 marks)
Since 2.+ 2, + 2y + gy ity = O

=2 ‘Z’-(Z\)—’ Re (72) + Re(2a) + e (=,) + l/ge(z.s) =0

" / som of
ZCDS%* ZC-DSS’;E*- 2o T+ 2ere = 4+ 2c_us—’ém"° es\s = ©
cos («©) = cos (6) ond cest™= -
v/ yse of
s 37 r o ces(-o)
2¢cs’S + QLBA? —'2 + 2ees ? 4+ 2cos = ard
(ostr = - |
s 21 -
4(ens+ ees5) = 2
o 21 i \/Sim?\\% ¢
Cesg+ ¢oS 5§ = 2 Shcire's
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CALCULATOR-ASSUMED 11

SPECIALIST UNIT 3
Question 15 (8 marks)
The position vectors of two particles at time ¢t are given below, where «a is a constant.

ra=8i-5]—k+t(i+2j—k) and rg = 3i +aj + K+ t(3i — j — 2k)
The paths of the particles cross at P but the particles do not meet.
(a) Determine the value of the constant a and the position vector of P. (5 marks)
. &+ A . 2+ 3/\:
Tac -S+2-"\> g = Q - N o
-\ - A K zfv’ +
fo ceplace
-
For ?arH(\s Yo LSS \/ e'q\'a'h oNsS
%+ >\ = =23 3/"3 @ -

V' solve for
~S+2N = DN @ lexs
“l=-N = \-2pN ® ?(;s@me-‘rxs i

e J solve e o
i k. L [
Fom © ¢ &, A4 p=3 R
-S4+8 = -3 J idehfy P
2=06
\Z )
& 2
? -5
oF ?—‘- \2'\+BJ'§/é.
(b)  Show that the point (1, -5, 4) lies in the plane containing the two lines. (3 marks)
\ 3 -S /
<Z> x(—i) = <—-\ ) \/\/-\D(N\g‘
=X -2 iy
v -
.. 8 » CW
=1 " #S> 3 - g3 Plane v . ] B '
- a A 2%
S \ /' onfrms
{'f)-<'5> = =23 eq‘&_&'hﬂ'\ \S
! . "
<‘25 lies o~ +Hhe plane. gren pomt
SN093-134-2
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SPECIALIST UNIT 3 12 CALCULATOR-ASSUMED

Question 16 (7 marks)

(a) Point A has coordinates (8, -3, 3) and plane I1 has equation 2x — y 4+ 2z = 16. Determine

(i) a vector equation for the straight line through A perpendicular to I1.

(1 mark)
» 3 Z
‘,") s
(i) the perpendicular distance of 4 from I1. (3 marks)
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. 51 IStance. )

k
(b) Prove that the perpendicular distance from the origin to the plane r - n = k is m
(3 marks)
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CALCULATOR-ASSUMED 13 SPECIALIST UNIT 3

Question 17 (8 marks)
Sphere § has diameter PQ, where P and Q have coordinates (2,—3,1) and (-4, 7,5)
respectively.

(a) Determine the vector equation of the sphere. (3 marks)

(erve C = 72 e 3 /
v/ cénke.

/.

v Rdws

D)6 ,

v & :lv‘:—”'hc!‘ ™

—
N S8
i ok | e
- - (3)] -
3
(b) Show that the point (1, —1, 2) lies inside the sphere. (2 marks)
i 7 §A . . .
((;) ¢ ( g‘) e "\g“"‘" v/:i\s?mmx__,. 4
P;n«d‘ Bom
\iﬁ—“i’ < 3% L insde dhe sphece. cendre

7 -
v u:m;saarﬁ,‘;\

1 1
(c) Show that the line with equation r = (—3) + 4 (1) is tangential to the sphere.

-3 1
(3 marks)
SETN B —
= 2 - < /
<.5+ >\ ) =) ( S )( S - /' indecsect
oK I N

e . * : \ - /' Solve for N
(2’*3"‘)2 ¥ (—‘3-&}«)&4.— ((g i)\)L'-' =2 \'

/

BF BN 42T =0 P )
.z )
( N=2X &8
» =35

f\ wn lg_'(‘utr: 2 & "t’x: L.--.tl O "{}Clw {::&- ‘;'\"—‘ (__"l--;i \?;'
that 4he line g fanggnha\ fo e sphere. .
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SPECIALIST UNIT 3 14 CALCULATOR-ASSUMED
Question 18 (8 marks)

Letf(x)=vx—1, gx) = —j— and h(x) = f o g(x).

(a)  Determine an expression for A(x) and show that the domain of h(x) is 0 < x < 3.

(3 marks)
o ! \1.‘ e vV X - ™ \‘ hl‘.«’\
c:‘ ‘ \-‘\:.‘ WV, _f"';« o ANCL . 7~ L
> { ;- eyl v ¥ j
{ j\ '.“"»g'\.:: " fvoe & )
'
naxn of K(x) Odx €3
(b) Determine an expression for h~1(x), the inverse of h(x). (1 mark)
h (=) N T
(c)  Sketch the graphs of y = h(x) and y = h™(x) on the axes below. (3 marks)
Y
5
4
3
2
: 5
>X
-1 1 2 3 4 5
=1
\
(d)  Solve h(x) = h~1(x), correct to 0.01 where necessary. (1 mark)
2 C - ? .2\ L S =T

See next page SNOY3-134-2



CALCULATOR-ASSUMED 15 SPECIALIST UNIT 3

Question 19 (8 marks)
e = x2 _
If f(x) = —and g(x) =x° -5,
(a) Determine the domain and range of the composition (g (x)). (4 marks)
‘..‘-\,C‘;‘f‘\?ﬁhr\ Fe, () X € (e O x.{;;d 3 onle ia A
) )
> . . ) 4t D ¢
K—-{,‘Qr"\.a,j\: g {x) Y -5 Y ,% -2
) Wy . ’ / ok et D>
= i;)l,\-“'\ &N .\ LE\ A}S 5C ;:' » ::":) @€ ¢ i 2 of hnk ._H\
b TR
- ~ wa ) = _‘;-l_ T .h-.l"\).- .
\Cange G(x) Yyg =
Yz C /S domamn

Se foc 'fﬂ\l(é)(”x))'

-/_""'
Domamn 2 F TJS
-
Porge  yvo U Y€

The restriction x < 0 is applied to the composite function f(g(x)) so that its inverse exists.

‘Determine the equation of this inverse and state the domain and range. (4 marks)
| ] ‘_——-‘
LR, -y A S e se.

v cerreet chowe

1 i A 2 » [ 1.\’ v‘i* \i_—
Domain svckh a3ty S +5 20 > fo
_ _ L ;
x> LD " X ‘::‘ ‘”;:5 v Tom N
~—> A '_"""—' ' ?
e RS ; H@ES / Borge

SND93-134-2 See next page



